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Abstract. We establish a new geometric wave function that combined with a
variational principle efficiently describes a system of bosons interacting in a one-
dimensional trap. By means of a a combination of the exact wave function solution
for contact interactions and the asymptotic behaviour of the harmonic potential
solution we obtain the ground state energy, probability density and profiles of a
few boson system in a harmonic trap. We are able to access all regimes, ranging
from the strongly attractive to the strongly repulsive one with an original and
simple formulation.
PACS numbers: 02.30.Ik, 05.30.Jp, 03.75.Hh, 67.85.-d
A geometric wave function for few interacting bosons in a harmonic trap 2
1. Introduction
Impressive developments in the preparation and control of traps by the application of
dipole lasers [1, 2], along with cooling techniques, unveiled the richness of phenomena
occurring in ultracold physics and strengthened our insight into the physical properties
of quantum matter. Several aspects of quantum many-body physics that where known
only on theoretical grounds are now finding their way into the laboratory, in particular
an increasing set of exactly solved models [3, 4, 5, 6]. At present, following this
direction a renewed interest is emerging on quantum few body systems. The model
explored in our work, that of a set of bosonic atoms trapped in a one-dimensional (1D)
harmonic potential and interacting through a contact potential, at arbitrary strength
for both the attractive and repulsive regimes, emerges as a particularly fundamental
one. Few-body quantum systems can be placed among some of the underlying building
blocks of matter. Notwithstanding their simplicity the study of such systems has
repeatedly been challenging [7]. In the case of the harmonically trapped system, even
for just three particles, there is no analytical solution of the Schrödinger equation.
Better means of understanding the physics of such systems are bound to become
crucial as, currently, there are a number of techniques which may be applied to trap
bosonic systems in a quasi-1D regime [8] and it is reasonable to expect that, as has
been the case for fermions [9, 10], very soon an ensemble of few bosons will be observed.
The kind of setup able to deal with 1D cold gases, such as optical lattices using
lasers with periodic intensities [11, 12, 13] paved the way to physically realize exactly
solvable models establishing new levels of interaction between theory and experiments.
In optical lattices, the level of control is such that by simply changing their spatial
configuration it is possible to tune the dimensionality from 1D to 3D [3]. Two
paradigmatic important achievements in controlling experimental parameters were the
observation of a quantum phase transition to the highly-correlatedMott insulator state
from the superfluid state for a gas of 87Rb atoms [15] as well as the tuning between
a Bardeen-Cooper-Schrieffer (BCS) superfluid and a Bose-Einstein condensate (BEC)
attained when cooling a fermonic gas of 40K to a quantum degenerate state [16]. The
range of subjects that falls into this category is wide, and includes mesoscopic systems
such as quantum dots, molecular clusters as well as nano-physics. In light of these
prospects many interesting purely theoretical breakthroughs are under scrutiny and
revealing their usefulness for the new data. Some few examples are the Lieb-Liniger
solution for the interacting Bose gas, the Tonks-Girardeau gas and the Super-Tonks
gas [11, 12, 14, 17, 18, 19].
In this paper we present a wave function, inspired by the exact solution for a
system of bosons interacting through a contact potential and apply it to the case where
this system is confined in a harmonic trap. Although in the presence of a harmonic trap
this system is not exactly solved we assume that, in a certain region, in the low density
case, the scattering of the trapped constituents is dominantly non-diffractive [20, 21]
and hence the exact solution provides an optimal description. In this way, we propose
a geometrical variational wave function in the sense that where the contact interaction
is dominant, this wave function is the exact one for a non-diffractive regime, while
in the region where the harmonic trap is dominant, the quantum system is described
by a smoothly decreasing function. This idea is a sharp advance with respect to a
one used for just two fermions that already provided interesting results [22] (see also
[23]). For the ground state of particles in a harmonic trap, an exact analytical solution
only exists for the two-body case [24] (see also [25]). This solution was explored in
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an analytical ansatz for a few-boson system wave function [26] based on a number of
assumptions, respecting the analytically known limits of zero and infinite repulsion.
Ours, on the other hand, is based on the complete knowledge of the exact solution
for the Bose and Fermi gas interacting via a delta-function term (contact potential)
[17, 27, 28, 29], and through a variational calculation we are able to handle from the
repulsive to the attractive regime. In the following, we present our construction, and
results, for two and three bodies in both the attractive and repulsive regimes. We
notice that its geometrical nature with only two regions makes the extension to a
different number of particles attainable, even if, as expected, it may involve a more
complex set of numerical calculations.
2. The model
In the ultracold region the study of trapped atoms is slightly simplified since, in this
case, the de Broglie wavelength is large enough to allow the description of a complex
interaction by a simple contact potential that can be modelled as a delta function.
Let us then consider a system of N interacting bosons with mass m, in an axially
symmetric harmonic trap with angular frequency ω. Such a system is described by
the following Hamiltonian in absolute coordinates
H=
N∑
i=1

− ~2
2m
∂2
∂x2i
+ c
∑
j<i
δ (xi − xj) +
1
2
mω2x2i

, (1)
where c is the interaction strength, repulsive for c > 0 and attractive for c < 0. In spite
of its simplicity, the harmonic potential term, 12mω
2x2i , prevents the exact solvability
of the above Hamiltonian. If we consider just the interaction Hamiltonian,
HI =
∑
i

− ~2
2m
∂2
∂x2i
+ c
∑
j<i
δ (xi − xj)

 , (2)
we have the description of a system which is exactly solvable by means of the Bethe
ansatz. In the region χ such that x1 < x2 < ... < xN , the solution is given by the
following wave function [29]
ψχ (x1, x2, . . . , xN ) =
∑
P
A(P ) exp(i(kP1x1 + . . .+ kPNxN ))
A(P ) = Cǫ(P )
∏
j<l
(kPj − kPl + ic) (3)
where the sum is over all permutations of the quasi-momenta, ki, i = 1, ...N , and ǫ
is the Levi-Civita symbol (1 or -1 for, respectively, even or odd permutations). The
complete Bethe ansatz wave function ψB for all regions can be determined by the
full symmetry of the wave function (see [29] for more details). The above has been a
pivotal solution for interacting gases in 1D, and as we shall see a central part of our
ansatz.
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3. A geometrical ansatz
Due to the symmetry of our system it is convenient to move to Jacobi coordinates [30],
which allows us to remove the centre of mass coordinate and re-express the remaining
coordinates as a set of relative coordinates. The general coordinate transformation
from Cartesian to Jacobi coordinates is
R =
1
N
N∑
i=1
xi (4)
r1 = x2 − x1 (5)
rj =
(
j + 1
j − 1
)−1/2(
jxj+1 −
j∑
i=1
xi
)
(6)
with j = 1, ...N − 1. We should note that the unconventional factors are chosen
so that the effective mass of each coordinate is the same. We will now refer to
~r = {r1, r2, . . . , rN−1} as the relative coordinates and R as the centre of mass
coordinate. With this choice the Hamiltonian can be written as
H = −
~
2
2M
∂2
∂R2
+
1
2
Mω2R2
+
N−1∑
i=1
(
−
~
2
2µ
∂2
∂r2i
+
1
2
µω2r2i
)
+ c
∑
j
δ (dj(~r)) (7)
where M = Nm, µ = 12m, and dj are the locations of the delta function interactions
in the relative coordinate system. These are hypersurfaces which extend radially from
the origin. The above Hamiltonian is separable, meaning that it is possible to solve the
Schrödinger equation by separating the center of mass and the relative coordinates.
The relative motion part of the Hamiltonian has an approximate radial symmetry, so
we make an additional change of coordinates to hyperspherical coordinates. In these
coordinates we shall denote the corresponding radial component λ and the angular
part ~θ = {θ1, θ2, ...θN−2}. The relative Hamiltonian now takes the form:
Hˆrel = −
~
2
2µ
∇2 +
1
2
µω2λ2 + c
∑
j
δ
(
dj(~θ)
)
. (8)
Looking at the above Hamiltonian, we observe that for small λ, the Hamiltonian
is approximately the Hamiltonian of N bosons with a delta function potential, the
one solved by the Bethe ansatz. However, for sufficiently large λ the Hamiltonian
behaviour is dominated by that of a harmonic oscillator, and in this limit we expect a
Gaussian decay of the wave function. We therefore make the following ansatz for the
wave function
Ψ(λ, ~θ) =


ψB
(
~κ, λ, ~θ
)
λ < Λ
A(~θ) exp
(
−α(~θ)(λ2 − Λ2)
)
λ > Λ
. (9)
Above ψB is the complete Bethe ansatz wave function in the relative coordinates
system after the change to the hyperspherical coordinates, Λ is a parameter which
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determines the boundary between the inside Bethe ansatz and the outside harmonic
oscillator regions, α(~θ) is the Gaussian decay parameter which is used to match the
derivative at the boundary of the two regions, and ~κ = {κ1, ...κ⌊N/2⌋} are parameters
which originated from the Bethe ansatz wave function. They are similar to those
in Eq.(3) but considered as parameters instead of quasi-momenta, and the number
of parameters is lowered as we are considering the string hypothesis [17, 27, 28, 29].
Both Λ and ~κ will be used as variational parameters in the minimization procedure
used to obtain the ground state energy. In Fig. 1 we illustrate in a schematic way
the probability density obtained from our ansatz for the three bosons case in the
repulsive regime. There we can see how the two regions are defined, it is also possible
to visualize the hexagonal structure of lower and high probability regions that reflects
the symmetry of the pairwise contact interaction in the case of three particles.
-4 -2 0 2 4
-4
-2
0
2
4
r1
r 2
Inside
Outside
Λ=L
Figure 1. Schematic representation of the probability density |Ψ|2 for the three
bosons case. The variational parameter Λ determines the boundary between two
regions: inside (Bethe ansatz) and outside (asymptotic harmonic oscillator). The
colors range from purple to red indicating respectively lower values and higher
values of |Ψ|2.
Continuity of the wave function and its derivative at the boundary requires
A(~θ) = ψB(~κ,Λ, ~θ) (10)
α(~θ) = −
1
2Λ
1
ψB(~κ,Λ, ~θ)
∂ψB(~κ, λ, ~θ)
∂λ
∣∣∣∣∣
λ=Λ
(11)
where for two particles, this condition on α is equivalent to the Bethe Ansatz-type
equations for the boundary condition we have here.
4. Variational approach
Next we perform the variational method to minimise the energy for this ansatz to find
an approximation for the ground state energy. This provides an upper bound on the
ground state energy of the actual system.
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〈Ψ| Hˆrel |Ψ〉 =
ˆ
dλdΩλN−1Ψ∗(λ, ~θ)HˆrelΨ(λ, ~θ) (12)
〈Ψ| Ψ〉 =
ˆ
dλdΩλN−1Ψ∗(λ, ~θ)Ψ(λ, ~θ) (13)
where Ω is the solid angle. Note that by construction, the delta function in the
internal region cancels with the discontinuity of the derivative of the wave function
contribution, however this exact cancelation is not exact in the external region. We
can find the contribution from the discontinuous derivative along the delta functions
by integrating the kinetic energy term in the Hamiltonian by parts
ˆ ∞
0
dλ
ˆ
dN−2ΩλN−1Ψ∗(λ, ~θ)∇2Ψ(λ, ~θ) =
∑
j
ˆ ∞
0
dλ
ˆ
dj(~θ)=0
dN−3ΩλN−1Ψ∗(λ, ~θ)∇Ψ(λ, ~θ) · nˆ (14)
where nˆ is the surface normal. The radial integral over λ can be performed analytically.
However the angular integral must be evaluated numerically. The ground state for the
wave function is then found by minimising the energy with respect to the variational
parameters, Λ and ~κ.
∂
∂Λ
〈Ψ| Hˆrel |Ψ〉
〈Ψ| Ψ〉
∣∣∣∣∣
Λ=Λ∗
= 0 (15)
∂
∂~κ
〈Ψ| Hˆrel |Ψ〉
〈Ψ| Ψ〉
∣∣∣∣∣
~κ=~κ∗
= 0 (16)
In this way we determine the ground state energy of a few bosons system in a harmonic
trap as a function of the coupling c via the variational principle, where the trial wave
function is constructed by combining the Bethe ansatz and the asymptotical behaviour
of the harmonic oscillator . This result is depicted in Fig. 2 and a very good agreement
is found with the analytical solution for N = 2 particles [24, 25] and existing results
in the repulsive regime for N = 3 [26].
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Figure 2. Ground state energies ǫ = En
N~ω
− 1
2
as a function of the interaction
strength c for different number of bosons N . The case N = 2 matches the analytic
result [24, 25] well in all regimes, and the N = 3 case matches published results
in the repulsive regime [26].
In Figs 3 and 4 we present the probability density of two and three bosons ,
respectively, in the ground state for different couplings, ranging from the attractive to
the repulsive regimes: c = (−1,−0.5,−0.1, 0.1, 1, 20).
0.0
0.5
1.0
1.5
ÈΨ
È
2
HaL HbL HcL
-4 -3 -2 -1 0 1 2 3 4
r1
0.0
0.5
1.0
1.5
ÈΨ
È
2
HdL
-4 -3 -2 -1 0 1 2 3 4
r1
HeL
-4 -3 -2 -1 0 1 2 3 4
r1
Hf L
Figure 3. Probability density for the two bosons case for different values of the
coupling constant (a) c = −1, (b) c = −0.5, (c) c = −0.1, (d) c = 0.1, (e) c = 1
and (f) c = 20.
For two particles the probability density of the relative motion in the attractive
case exhibits a peak at r1 = 0 which increases and gets thinner for higher |c| values,
while for the repulsive case a cusp emerges at r1 = 0 which goes to zero by increasing
c. Similarly, for three particles with attractive interaction a more localized peak in
the probability density is observed by increasing |c|, whereas along the mirror planes
[21] (the points where xi − xj = 0 for i 6= j) it can be observed that, in the repulsive
case, the probability density reduces when c increases. We can clearly see that our
ansatz captures the most relevant aspects regarding the physical properties of the
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studied system: in the repulsive case, the tendency of the particles to repel and thus
to stay away from each other when the interaction strength c is increased; while in
the attractive case the gregarious tendency of the particles is increased for higher |c|
values.
-4
-2
0
2
4
r 2
HaL
r 2
HbL HcL
-4 -2 0 2 4
r1
-4
-2
0
2
4
r 2
HdL
r 2
-4 -2 0 2 4
r1
HeL
-4 -2 0 2 4
r1
Hf L
Figure 4. Probability density on the frame of r1 and r2 Jacobi coordinates for
the three bosons case for different values of the coupling constant (a) c = −1, (b)
c = −0.5, (c) c = −0.1, (d) c = 0.1, (e) c = 1 and (f) c = 20. The colors range
from purple to red indicating respectively lower values and higher values of the
probability density
In Figs 5 and 6 we plot the pair correlation function ρ2(x1, x2) [21] and the
normalized one-body density of bosons ρ1(x1) obtained by integrating over all
coordinates except two, and one, respectively. For N = 2 ρ2(x1, x2) gives the full
probability density as a function of the particle positions xi, while for N = 3 it
provides a two-body probability density.
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Figure 5. Pair correlation function ρ2(x1, x2) for the two bosons case (upper
line) for different values of the coupling constant (a) c = −5, (b) c = 0.1, (c)
c = 20 and for the three bosons case (bottom line) for (d) c = −5, (e) c = 0.1
and (f) c = 20. The colors range from purple to red indicating respectively lower
values and higher values of the two-body density.
We observe that in the attractive case the pair correlations collapse towards the
ground state of a single particle with mass M while in the repulsive case the particles
tend to repel and begin to distribute themselves along the trap. In the strong repulsive
regime the densities split into different broad lobes separated by the mirror plane
x1 − x2 = 0 as expected due to the repulsion between the particles. These results
provide a direct scheme for comparison with density profiles that could be obtained
experimentally.
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c = -5
c = -1.
c = -0.1
c = 0.1
c = 1.
c = 20.
0 1 2 3 4
0.0
0.1
0.2
0.3
0.4
0.5
0.6
x1
Ρ
1H
x 1
L
HaL N=2
c = -1.
c = -0.5
c = -0.1
c = 0.1
c = 1.
c = 20.
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
0.0
0.2
0.4
0.6
0.8
x1
Ρ
1H
x 1
L
HbL N=3
Figure 6. Normalized one-body density ρ1(x1) as a function of the position x1
for both attractive and repulsive regimes for (a) two bosons and (b) three bosons.
5. Conclusion
We have presented in this paper a geometric wave function that has been set up using
the exact solution of the boson gas interacting via a delta potential combined with a
smoothly decreasing function. This combination involves only two regions: one where
the system is described by the exact solution and another one where the harmonic
trap becomes dominant. We emphasize that this geometric wave function, which we
use as a variational ansatz, naturally captures the essential physics of the problem,
and allowed us to obtain an impressive accord with the numeric benchmark in the case
of three bosons, and, in the case of two bosons, with the exact result. Remarkably,
it is also valid for both the attractive and repulsive regimes, which is certainly of
value if one tries to apply it to the study of excited states, where important physical
information could be extracted, such as the nature of the super-Tonks Girardeau gas,
for which an excited phase with highly attractive interactions is present. With some
modifications, our proposal can be adapted to different scenarios, such as: other trap
geometries; fermionic system; mixture systems, composed of bosons and fermions.
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